The colored SU (2) L -singlet heavy T -quark is one of the most crucial ingredients in little Higgs models, which is introduced to cancel the largest contribution of the SM top quark to the Higgs boson mass at one-loop level. In two representative little Higgs models, the littlest Higgs model and the SU (3) simplest Higgs model, we comprehensively study the single heavy T -quark production at Large Hadron Collider (LHC). After presenting the possibility of relatively light (∼ 500 GeV)
electroweak precision data (EWPD): The T -quark should be heavier than about one TeV, which suppresses its pair production at LHC. Naively estimated reach in a single T -quark production channel is up to √ŝ , while the reach in pair production is at most √ŝ /2. Previous studies on the single T -quark production were, however, only on the total cross section of qb → q ′ T mediated by the SM W gauge boson [7] . Even though this 2 → 2 process has dominant total cross section, its p T distribution is prone to low p T region, compared to 2 → 3 process of qg → q ′ Tb. Also, the s-channel process of′ → Tb can be quite sizable if the resonant decay of the heavy charged gauge boson is allowed.
Another process of interest is the gluon fusion with neutral scalar exchanges, which gives rise to heavy T -quark production associated with the SM top quark. It could be significant if the T -quark mass is light enough. As shall be discussed, the T -quark mass in the simplest little Higgs model can be considerably light at large t β , where t β is the ratio of two vacuum
condensates. In addition to the SM Higgs boson, the relatively light pseudo-scalar η in the simplest little Higgs model can also mediate the gluon fusion process. We shall show that the contribution from η exchange can dominate at small M T .
Various kinematic distributions are also of great interest since the data-selection at LHC environment prefers high transverse momentum. We expect that the subdominant processes of the 2 → 3, the s-channel process, and the gluon fusion will become dominant in high p T region. Therefore, the main goal of the paper is to study comprehensively the single heavy Tquark production at LHC, including kinematic distributions, for both representative models, the littlest Higgs model and the SU(3) simplest little Higgs model. This paper is organized as follows. In Section II, we review the basic formalism of the littlest Higgs model and the SU(3) simplest little Higgs model. We explore the parameter space where the new heavy T -quark can be relatively light, and show that the T -quark mass in the simplest little Higgs model can be as low as about 500-700 GeV. Section III deals with the T -quark production accompanied by light quarks (including b quark) without resort to the effective-W approximation. We present the formula of the parton-level cross section for each process. In Section IV, we consider, focusing on the simplest little Higgs model, the gluon fusion process of T t production mediated by the SM Higgs boson and the light pseudo-scalar boson η. Section V presents the numerical results of the total cross sections and various distributions. We summarize in Section VI.
II. REVIEW OF THE LITTLEST HIGGS MODEL AND THE SIMPLEST LITTLE HIGGS MODEL

A. The littlest Higgs model
The littlest Higgs model is embedded into a non-linear σ model in the coset space of SU(5)/SO(5) with additional local gauge symmetry [SU(2) ⊗ U(1)] 2 [10, 11] . The covariant two-derivative term for the sigma field Σ has the leading term of
where the covariant derivative is
At the scale Λ S ∼ 4πf , a symmetric tensor of the SU(5) global symmetry develops a vacuum expectation value (VEV) f ∼ 1 TeV, of which direction is into the Σ 0 :
The Σ 0 triggers two kinds of symmetry breaking. First the global SU(5) symmetry is broken into SO(5), resulting in 14 massless Nambu-Goldstone bosons. Second, the assumed
identified as the SM gauge group. The gauge fields − → W ′ µ and B ′ µ with the broken gauge symmetries become massive by eating four Nambu-Goldstone bosons.
The non-linear sigma fields are then parameterized by the Goldstone fluctuations:
where h is a doublet and φ is a triplet under the unbroken SU(2) L . The gauge fields − → W ′ µ and B ′ µ are related with the SM gauge fields by
where g = g 1 s = g 2 c and g
In order to cancel the severe quadratic divergence from the top quark loop, the top quark sector is extended with at least one additional top-quark-like fermion with a heavy mass of the order of f . In a minimal extension, a pair of SU(2) L -singlet but colored Weyl fermions U L and U R with electric charge +2/3 are introduced. The Yukawa term for the third generation quarks and the singlet u 3R is [7] :
where i, j, k run between 1 and 3, m, n = 4, 5, and χ [8] . The Σ field VEV mixes the u L,R fields with the U L,R fields into one massive mass-eigenstate T 0 (with TeV scale mass) and one massless eigenstate t 0 at this stage:
The electroweak symmetry breaking (EWSB) is triggered by the Higgs boson VEV v, radiatively generated at two-loop level. This Higgs VEV also induces small mixing between t 0 and T 0 , leading to final mass eigenstates t and T :
where x λ = λ 1 /λ 2 . Through this mixing, we have non-zero W -T -b coupling, though sup-
The phenomenology of the littlest Higgs model at high energy colliders depends on the following parameters 1 :
where one of λ 1 and λ 2 is traded with the SM top-quark mass. It is well known that main 1 Even though the Higgs triplet VEV v ′ is also a model parameter, its effect on the collider phenomenology is negligible due to its smallness from the condition of positive definite mass squared of the Higgs triplet.
B. SU (3) simple group model
Among four popular representatives of little Higgs models, the SU(3) simplest little Higgs model has the lowest fine-tuning associated to electroweak symmetry breaking [14] . The theory has an [SU(3) × U(1) X ] 2 global symmetry and its diagonal subgroup SU(3) × U(1) X is gauged. The kinetic term in the non-linear sigma model is
where Φ 1,2 are the complex SU(3) triplet scalar fields, T a are the SU(3) generators, and A a µ and B µ are, respectively, the SU(3) and U(1) gauge fields. Contrary to the littlest Higgs model, the two gauge couplings, g and g x , are determined by the SM gauge couplings: SU (3) gauge coupling g is just the SM SU(2) L gauge coupling and
When Φ 1 and Φ 2 develop VEV's of TeV scale Φ 1,2 = f 1,2 , two kinds of symmetry breaking occur. First, the global symmetry is spontaneously broken into its subgroup of [SU(2) × U(1)] 2 , giving rise to ten Nambu-Goldstone bosons. Second, the gauge symmetry 
In the non-linear sigma model, they are related with two scalar fields through
where
Due to the SU(3) gauge symmetry, the SM fermions are promoted to a SU(3) triplet
For the third generation quarks, the Yukawa interaction is
where U R1 and U R2 are two additional SU(2) L -singlet quarks, and i's guarantee positive mass for fermions. For the first two generation quarks and all generation leptons, Yukawa couplings can be imposed differently due to their negligible effects on radiative corrections to the Higgs mass. In literatures, two versions for the fermion embedding are discussed, "universal" model [17] and "anomaly-free" model [18] . In the universal embedding, all three generations have identical quantum numbers. We have heavy up-type quarks and heavy neutrinos. In the "anomaly-free" embedding, anomaly-cancellation is required for easier UV completion; the quarks of the third generation and three generations of leptons are put into 3 representations of SU (3), while the first two generation quarks are put into3 of SU (3).
We have heavy down-type quarks for the first two generations. Irrespective of the fermion embedding, these two heavy quarks have TeV scale masses of [4]
where λ Q is the Yukawa coupling with Φ 2 .
Substituting the VEV's of Φ i into Eq. (14), a linear combination of U R1 and U R2 is coupled to U L , which generates a TeV-scale Dirac mass. Its orthogonal combination has no mass term at this stage, to be identified with the SM top quark. The mass eigenstates before the EWSB are then
Finally, the EWSB causes a small mixing between t 0 and T 0 :
where the upper sign is for the anomaly-free model and the lower sign is for the universal model. 
Although different heavy fermion spectrum itself is very exciting, the single heavy T -quark production at LHC is not directly affected by other heavy fermions. Their only effect is the parameter space allowed by the EWPD in each model [15, 16] . According to Ref. [15] , the universal model is strongly constrained by its new contributions to atomic parity violation, leading to f > ∼ 3.9 GeV at 95% C.L., while the anomaly-free model is more sensitive to LEP II data, leading to f > ∼ 2 TeV. In addition, the contributions to EWPD are suppressed by large t β . Thus, a large t β leads to interesting implications for heavy fermion spectra. As shall be shown below, heavy T -quark mass decreases with increasing t β while the first two generation heavy quark masses increase with t β as in Eq. (15) . In what follows, therefore, we examine the parameter space of f ≥ 2 TeV and large t β for the simplest little Higgs model.
C. Heavy masses and relevant couplings
In little Higgs models, the SM gauge boson masses are modified with corrections of the order of v 2 /f 2 . Their effects at LHC are, however, negligible if we only consider the parameter space allowed by EWPD. Masses of heavy particles in the littlest and simplest little Higgs models are summarized in Table I .
The dominant single T -quark production at LHC is accompanied by a light quark. The production of Tb is mediated by the charged gauge boson W and W H (X ± ) in the littlest 
(simplest) Higgs model. We denote the relevant couplings as
where W ′ = W H in the littlest Higgs model and W ′ = X ± in the simplest little Higgs model.
Here the Cabibbo-Kobayashi-Maskawa (CKM) matrix factors are omitted. In Table II, we summarize the relevant couplings for the charged-currents with the W and W ′ gauge bosons.
The mass of the heavy T -quark plays an important role in its production cross section.
A relatively light T -quark helps reduce fine-tuning in the Higgs boson mass, as well as increasing the production rates for the single heavy T -quark. In the littlest Higgs model, the M T is invariant under x λ ↔ 1/x λ , so that the minimum of M T occurs when x λ = 1:
With the allowed value of f > ∼ 1.5 TeV by the EWPD, the heavy T -quark is quite heavy in the littlest Higgs model.
In the simplest little Higgs model, M T can be substantially less. The minimum of M T occurs when x λ = t β :
In Fig. 1 , we have plotted M T /f , in the simplest little Higgs model, as a function of x λ for t β = 1, 2, 7. It is very interesting that M T can be significantly reduced for large t β . For In the simplest little Higgs model, the mass of charged gauge boson X ± is fixed at gf / √ 2.
The M T depends on two parameters, t β and x λ . As shown in Fig. 2(b) , there are two regions in the parameter space for M X > M T : One is where x λ ≥ 2m t /(gv) ≈ 2.18 and t β > ∼ 4; the other is where both parameters are very small (note that it is barely visible from the figure near the origin). Considering the EWPD preference for larger t β as well as avoiding too small parameters, we take t β > 1. Consequently the resonant decay of X ± requires large t β . In summary, as t β increases the heavy T -quark becomes lighter, the EWPD constraints 
III. THE SINGLE HEAVY T -QUARK PRODUCTION
A heavy T -quark can be produced through Feynman diagrams in Fig. 3 . We denote the In general, the total cross sections from these channels show the following hierarchy:
A possible collinear divergence in the σ 2→3 [19] is avoided by applying kinematic cuts on the outgoing light quark. In literatures, only the σ(W b → T ) is discussed [7] . However, the t-channel process of σ 2→2 generates, in general, a low p T distribution. In high p T regime, the 2 → 3 process is expected to become important.
A. Two-body production through t channel diagram
We study the heavy T -quark production associated with a single light quark through the following parton level processes:
For each process, there are two Feynman diagrams mediated by the W and heavy W ′ gauge bosons as in Fig. 3(a) .
We define the Mandelstam variables aŝ
The spin-averaged amplitude-squared at the parton-level are
The couplings g Table II . The parton-level cross section is well known as
where Θ is the scattering angle of the heavy T -quark in the c.m. frame of partons. Note that all of the processes have color factors equal to one.
B. Two-body process via s-channel diagram and W ′ decay rate
For the single heavy T -quark production, there is also s-channel process of
Due to the suppressed luminosity of the sea quark, the cross section is in general subdominant. Since this process is mediated by the heavy W ′ gauge boson as well as the W gauge boson, however, a possible resonant mediation by the W ′ gauge boson can enhance its contribution.
The spin-and color-averaged amplitude squared is
and
When X + → Tb is not kinematically allowed, the decay into the SM fermions X + → ff ′ becomes dominant. The decay rate summed over the SM fermions is
which is suppressed by small v 2 /f 2 and large tan β. This is possible due to the small mixing between the SM fermion and the heavy fermion.
C. Three-body production
The heavy T -quark production through qg → Tbq ′ can become dominant in the high p T region. Since we are interested in the kinematic distributions, we compute the differential cross section without resort to the effective-W approximation. Instead, we consider the whole
set of Feynman diagrams, mediated by W and W ′ gauge bosons, as depicted in Fig. 4 . For the process of
the amplitude-squared (after summing over the final-state colors and helicities, and averaging over initial-state colors and helicities) is given by Eq. (A2) in the Appendix. The parton-level cross section is
where the definitions and allowed range of kinematic variables (η, ζ, α, and β) are also referred to the Appendix. top quark t and the new heavy T -quark, through the mixing between t and T induced by the EWSB. Phenomenological impacts and signatures of the η boson at the LHC and other future colliders have been discussed in Ref. [20] . In this section, we study in the simplest little Higgs model the gluon-fusion production of the heavy T -quark associated witht quark, as depicted in Fig. 5 .
We parameterize the Yukawa terms as
where P R,L = (1 ± γ 5 )/2, and
The couplings of φ-Q 1,2 -Q 1,2 and φ-T -T (φ = H, η) also affect the g-g-φ coupling through the triangle diagram at one-loop level. Here Q 1 and Q 2 are the heavy quarks for the first two generations. In both universal and anomaly-free embedding cases, the H-Q 1,2 -Q 1,2 couplings vanish, while the η-Q 1,2 -Q 1,2 couplings show a difference [4] :
Here the x λ 1 ,λ 2 are, of O (1), the ratios of two Yukawa couplings in the first two generations.
We summarize the Feynman rules for a gluon pair (G µ and G ν ) with a scalar boson as
where a and b are the gluon color indices. The factors c H and c η are given by
where the dimensionless loop factors of F
with
and
In the limit of large τ , i.e., when the particle in the loop is much heavier than H or η, the loop factors approach constant values:
For the process of
the total amplitude is
where a and b (c and d) are the color indices of the gluons (of T and t) and
Finally, the parton level cross section iŝ
V. TOTAL CROSS SECTIONS AND KINEMATIC DISTRIBUTIONS
As discussed in the Introduction, the usual evaluation of a single heavy T -quark production by considering only the qb → T q ′ can be underestimated. The cross section of 2 → 3 process through qg → Tbq ′ is sizable, and can in fact generate higher p T distributions.
In Fig. 6 , we show, in the littlest Higgs model, the total cross sections of the single T -
We have set c = 0.2, to suppress extra contributions to EWPD, and taken f > 1.2 TeV.
Note that each line starts at different M T since we have constrained f to be above 1.2 TeV, which is marginally allowed by the EWPD. For the 2 → 2 production, we have included all the t-channel and s-channel sub-processes, among which the t-channel ones dominate. This is expected since the resonant contribution comes from the narrow window around
The total cross section is not dramatically enhanced. The total cross section for 2 → 3 process is smaller, but not negligible: σ 2→3 is about 30 ∼ 40% of σ 2→2 .
In Fig. 7 , we show the same plots for the simplest little Higgs model. Here we take a conservative bound for f > 2 TeV, consistent with the EWPD. The minimum of f also leads to the minimum of M T with the given t β and x λ . The true minimum of M T occurs when t β = x λ , which we call the "M T -minimal case". In addition, the M GeV for (t β , x λ ) = (7, 7). Another interesting feature is that once t β = x λ , the total cross section of either 2 → 2 process or 2 → 3 process does not change much with the change of t β value, as explicitly shown in Fig. 7 . Compared with the littlest Higgs model, the M Tminimal simplest little Higgs model has compatible total cross section with the same M T .
In the simplest little Higgs model, the total cross section for the 2 → 3 process is also about 30 ∼ 40% of the 2 → 2 process. process. In the 2 → 3 process, we also show the p T distributions for b quark (long-dotted or blue) and for jet (dotted or pink). For the low p T data, which constitutes major part of the total cross section, the 2 → 2 process has much larger distributions compared to the 2 → 3 process. For high p T (above ∼ 300 GeV) data, however, the 2 → 3 process begins to dominate.
In Fig. 9 , we present the same p T distributions in the simplest little Higgs model. Here we fix t β = x λ = 5 and M T = 1 TeV. The behavior of each distribution is similar to the littlest Higgs model case: In the high p T region, 2 → 3 process becomes more important. In Fig. 10 , we present the rapidity distributions for out-going particles in the 2 → T -quark is likely produced in the central region, while the b quark distribution is rather flat.
The other light quark jet has the rapidity distribution of M-shape.
Finally we show, in Fig. 11 , the total cross section of the gluon fusion production of a single T -quark accompanied by the SM top quark. We have fixed t β = x λ = 7, m H = 150
GeV, and m η = 300 GeV. The total cross section of the gluon fusion process is O(10 −3 ) of the dominant cross section of the 2 → 2 process. In the region of small M T (or small f ), the Its production at LHC deserves a comprehensive study. In two representative little Higgs models, i.e., the littlest Higgs model and SU(3) simplest Higgs model, we have studied the single heavy T -quark production without any approximation.
We have first searched for the parameter space where the heavy T -quark is relatively light so that it can be abundantly produced at LHC. We found that it is possible in the SU(3) simplest little Higgs model. For example, the M T ≃ 560 GeV is allowed by the EWPD when t β = x λ = 7, where t β (x λ ) is the ratio of two vacuum condensates (Yukawa couplings). Moreover, the large t β is preferred by EWPD.
In literatures, only the 2 → 2 process of qb → q ′ T has been studied for the single heavy T -quark production. We have extended to the 2 → 3 process of qg → q ′ Tb, the s-channel′ → Tb, and the gluon fusion process of gg → Tt. The total cross section of 2 → 3 process is substantial, about 30% of that of 2 → 2 process. When we studied various kinematic distributions, we found in both little Higgs scenarios that the 2 → 3 process becomes more important in higher p T region. For p T > ∼ 250 GeV, the 2 → 3 process already dominates over the 2 → 2 process. In the rapidity spectra, each out-going particle of the 2 → 3 process have distinctive features: The heavy T -quark is produced in the central region with y < ∼ 1, while the rapidity spectrum of the b quark is rather flat and that of the other light quark-jet is of M-shape. We have also considered the s-channel process of′ → Tb, which is expected to be sizable if the resonant decay of the heavy charged gauge boson W ′ is possible. We examined the parameter space for M W ′ > M T , which was found to be consistent with the EWPD. Unfortunately, the total cross section is too suppressed due to a very small region of the resonant decay.
Finally, we have taken into account of the gluon fusion production of the heavy T -quark and the SM top quark, which is mediated by the Higgs boson and the pseudo-scalar η. This can be substantial when the heavy T -quark is light enough. However, we found that the total cross section is still suppressed, only O(10 For the process of
the amplitude-squared (after summing over the colors and helicities and averaging over initial colors and helicities) is
